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Abstrat
One way to treat the infrared divergenes of the eletroweak Next-to-Leading-Order (NLO) dif-
ferential ross setions to parity-violating (PV) eletron-proton sattering is by adding soft-photon
emission ontribution. Although more physial, the results are left with a logarithmi dependene
on the photon detetor aeptane, whih an only be eliminated by onsidering Hard Photon
Bremsstrahlung (HPB) ontribution. Here we present a treatment of HPB for PV eletron-proton
sattering. HPB dierential ross setions for eletron-proton sattering have been omputed using
the experimental values of nuleon form fators. The nal results are expressed through kinemati
parameters, making it possible to apply the omputed PV HPB dierential ross setions for the
analysis of data of a range of urrent and proposed experiments.
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I. INTRODUCTION
Eletroweak properties of the nuleon an be studied by parity-violating eletron-nuleon
sattering at low to medium energies [1℄. Suh experiments an measure the asymmetry
fator oming from the dierene between ross setions of left- and right-handed eletrons.
This asymmetry between left- and right-handed partiles, as a result of a parity-violating
interferene between the weak and eletromagneti fores, is learly predited in the Standard
Model of Partile Physis.
Extrating the physis of interest from the measured asymmetry requires evaluating NLO
ontribution to eletroweak sattering at very high preision. The method for evaluation
of the eletron-nuleon up to NLO dierential ross setions most ommonly found in the
literature is to follow the Feynman rules for the partiles of the Standard Model. The
dominant ontribution normally omes from the leading order (LO) orretion in pertur-
bation theory. Some of the eletroweak NLO ontributions to intermediate energy, parity
non-onserving semi-leptoni neutral urrent interations have been addressed previously in
[2, 3, 4, 5℄. Ref. [6℄ also estimated eets due to an intrinsi weak interation in the nuleon
(e. g. the anapole moment) in hiral perturbation theory, and found the anapole moment
ontributions insigniant, only slightly enhaning the axial vetor NLO ontribution.
Later work in [7℄ took the advantage of the modern omputational opportunities and im-
proved the tehniques for one-quark NLO omputation by retaining analytial momentum-
dependent expressions, and providing the numerial evaluations of 446 one-loop diagrams.
It also inluded alulation of the soft photon emission ontribution. However, in [7℄, even
after removing infra-red (IR) divergenes through soft-photon emission orretions, alu-
lated one-quark NLO ontribution show a logarithmi dependene on the detetor's photon
aeptane parameter ∆E.
The artile presented here demonstrates that elimination of this dependene an be
ahieved by adding the Hard-Photon Bremsstrahlung (HPB) dierential ross setion. We
express general eletroweak ouplings by inserting appropriate form fators into verties and
onstrut HPB dierential ross setions as a funtion of Mandelstam invariants. For eah
set of experimental onstraints, integration over the emitted photon phase spae an be
performed numerially. Analytial results of this artile an be used for several reent PV
experiments [8, 9, 10, 11, 12, 13℄.
The artile provides a detailed desription of both hard- and soft-photon emission treat-
ment of infrared divergenes the PV eletroweak interferene and pure weak ontributions
to the total dierential ross setion. As an example, we hoose to onsider eletron-proton
sattering, as one of the most relevant ases from a physis perspetive. However, the same
tehnique of treating infrared (IR) divergenes an be expanded to neutron or any other
baryon target if same eetive struture of the oupling is used.
II. SOFT-PHOTON BREMSSTRAHLUNG
If the struture of the nuleon is investigated using weak, neutral urrent probe [8, 10, 11℄,
it is neessary to enhane the weak ontribution in eletron-nuleon sattering by exploiting
the parity-violating nature of the weak interations and onstruting the following quantity
2
(asymmetry):
A =
dσtot
R
−dσtot
L
dσtot
R
+dσtot
L
∼= Re(M
γ
LO
MZ
LO+NLO)R−Re(M
γ
LO
MZ
LO+NLO)L
|MγLO|2R(L)
=
(1)
= ALO +
Re(MγLOMZNLO)R−Re(M
γ
LO
MZ
NLO)L
|MγLO|2R(L)
.
Here, ALO is a leading order asymmetry measured in the parts per million (ppm) and seond
term of Eq.(1) is a parity-violating NLO ontribution to the asymmetry.
Finally, if the axial-vetor (C1) or vetor-axial (C2) form fators of the parity violating
amplitude are studied [13℄, whih an be taken from PV Hamiltonian
HPV =
GF√
2
[
C1
(
ueγ
µγ5ue
)
(uNγ
µuN) + C2 (ueγ
µue)
(
uNγ
µγ5uN
)]
, (2)
with perturbative expansion resulting in
C1,2 = C
LO
1,2 + C
NLO
1,2 +O
(
α3
)
. (3)
All of the above NLO ontributions to the either asymmetry (Eq.(1)) or PV form-fator
(Eq.(3)) in general an be infra-red divergent [14℄, and an be treated by the soft and
hard-photon emission ontribution shown on Fig. (1).
Figure 1: Hard Photon Bremsstrahlung diagrams in eletron-proton sattering.
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The dierential ross setion assoiated with bremsstrahlung emission in eletron-nuleon
sattering an be desribed by the following formula,
dσB ∝
∣∣∣MγB +MZB ∣∣∣2 = |MγB|2 + 2Re (MγBMZB)+ ∣∣∣MZB ∣∣∣2 . (4)
The rst term of Eq.(4) is responsible for the anellation of IR divergenes if a parity
onserving eletromagneti probe is used. The seond term, when used in the asymmetry
AB ∝
Re
(
M
γ
BM
Z
B
)
R
− Re
(
M
γ
BM
Z
B
)
L
|MγLO|2R(L)
, (5)
is responsible for aneling IR divergenes in Eq.(1). Finally, IR divergenes in the NLO
form-fators (Eq.(3)) are indiretly treated by the third term of Eq.(4), and will be disussed
later in this artile.
Generally, bremsstrahlung diagrams an be desribed as 2 → 3 proesses in whih inte-
gration over emitted photon's phase spae should be performed. If the momentum of the
emitted photon is small enough to be negleted in the numerator algebra, we an present the
bremsstrahlung ross setion as a soft photon fator multiplied by the tree level dierential
ross setion of 2→ 2 proess.
Let us onsider an example. The sattering amplitude for the rst diagram of Fig.(1),
for the neutral urrent reation, has the following struture:
MZB = 〈u(me, k3)|ΓνZ−e |u(me, k1)〉 ×
〈u(mN , k4)|ΓµZ−N(q)
6 k2− 6 k5 +mN
(k2 − k5)2 −m2N
Γαγ−N (k5) |u(mN , k2)〉 ×
gµν
(k4 − k2 + k5)2 −m2Z
ε∗α(k5),
where the photon polarization vetor enters as εα(k5); Γ
ν
Z−e, Γ
µ
Z−N and Γ
α
γ−N are the ou-
plings of eletron with Z boson, nuleon with Z boson, and photon with nuleon, respetively,
dened as
ΓνZ−e = ie
[
−1− 2s
2
W
2cW sW
γν̟− +
sW
cW
γν̟+
]
,
ΓµZ−N (q) = ie
[
f1(q)γ
µ +
i
2mN
σµρqρ f2(q) + g1(q)γ
µγ5
]
, (6)
Γαγ−N (q) = ie
[
F1(q)γ
α +
i
2mN
σαρ(q)ρF2(q)
]
.
Here q orresponds to the momentum transferred to the nuleon from the vetor boson. The
shortened notation of sW and cW refers to sin θW and cos θW , the Weinberg mixing angle.
For the form fators f1,2(q), F1,2(q), and g1(q) we have used
f1,2(q) =
1
4sW cW
(
F
V (N)
1,2 − 4s2WF1,2
)
GN (q) ,
4
F1,2 (q) = F1,2(0)GN (q) ,
(7)
F
V (n)
1,2 (0) = F
n
1,2 (0)− F p1,2 (0) , F V (p)1,2 (0) = F p1,2 (0)− F n1,2 (0) ,
g1(q) = − gA(0)
4sW cW
GN (q) ,
with F1,2 (0) and gA (0) dened as the nuleon's Dira, Pauli, and axial form fators at zero
momentum transfer and orresponds to the eletri harge, anomalous magneti moment,
and axial harge, respetively. Here, we use the universal formfator of monopole or dipole
type GN (q) =
(
Λ2
Λ2−q2
)n
with n = 1, 2 and Λ2 = 0.83m2N .
In the soft-photon emission limit the oupling between the emitted photon and the nu-
leon, Γαγ−N (k5), is just equal to ieQγ
α
, where harge Q = 1(0) for proton (neutron). The
numerator of nuleon's propagator 6 k2− 6 k5 + mN an be replaed by 6 k2 + mN , and
(k2 − k5)2 −m2N an be easily simplied into −2 (k2 · k5). Using the Dira equation for free
spinors, we have
6 k2 +mN
−2 (k2 · k5) ieQγ
α |u(mN , k2)〉 εα(k5) = −ieQ 6 k2γ
α + γα 6 k2
2 (k2 · k5) |u(mN , k2)〉 ε
∗
α(k5)
(8)
= −ieQ(k2 · ε
∗(k5))
(k2 · k5) |u(mN , k2)〉 .
Now we an present the soft-photon amplitude in the following form:
M
soft
B = 〈u(me, k3)|ΓνZ−e |u(me, k1)〉 〈u(mN , k4)|ΓµZ−N(q) |u(mN , k2)〉 ×
(9)
gµν
(k4 − k2 + k5)2 −m2Z
(
−ieQ(k2 · ε
∗(k5))
(k2 · k5)
)
= MLO
(
−ieQ(k2 · ε
∗(k5))
(k2 · k5)
)
= MLOκ(k2, k5).
Here, MLO is a tree level amplitude of 2 → 2 proess. Eq.(9) an be used for the other
photon emission diagrams with a dierent fator κ(ki, k5) = ±ieQi (ki·ε∗(k5))(ki·k5) . Now we an
sum over all four graphs on Fig.(1) and square the total amplitude to get the following:
∣∣∣MsoftB ∣∣∣2 = |MLO|2 e2
∣∣∣∣∣(k1 · ε
∗(k5))
(k1 · k5) −Q
(k2 · ε∗(k5))
(k2 · k5) −
(k3 · ε∗(k5))
(k3 · k5) +Q
(k4 · ε∗(k5))
(k4 · k5)
∣∣∣∣∣
2
. (10)
The photon ouples to a urrent whih is onserved: kµMµ = 0. This fat, and the summa-
tion over all photon polarizations gives us the possibility to replae
∑
ε(ki)
µ(kj)
νε∗µεν with
−gµν(ki)µ(kj)ν = −(ki ·kj). The last step is to integrate over the emitted photon phase spae
dΓk5 =
d3k5
(2pi3) 2k05
and regularize the infrared divergene by assigning to the photon small rest
mass λ. This dependene on the rest mass of the photon will be aneled when added to IR
divergent NLO ontribution (see Eqs.(1, 5)). The resulting soft-photon emission dierential
5
i j mi mj αij
1 1 me me 1
2 2 mN mN 1
1 3 me me 1− t2m2e +
√
t2−4tm2e
2m2e
2 4 mN mN 1− t2m2
N
+
√
t2−4tm2
N
2m2
N
1 4 me mN
m2e+m
2
N
−u+
√
(u−m2e−m2N)
2−4m2em2N
2m2e
1 2 me mN
s−m2e−m2N+
√
(m2e+m2N−s)
2−4m2em2N
2m2e
Table I: Soft photon emission integral parameters of Eq. (2.10)
ross setion is expressed as
dσsoft = dσ
2→2
LO
(
− α
2
2π2
)∫
λ≤|k05|≤∆E
d3k5
2
√
k25 + λ
2

k1
(k1·k5) −Q k2(k2·k5)−
k3
(k3·k5) +Q
k4
(k4·k5)

2
= dσ2→2LO
(
− α
2
2π2
)
(2m2e I (k1, k1)− (2m2e − t) I (k1, k3) + 2Q2m2N I (k2, k2)−
Q2(2m2N − t) I (k2, k4)− 2Q (u−m2e −m2N ) I (k1, k4)− 2(s−m2e −m2N ) I (k1, k2))
= dσ2→2LO · δsoft. (11)
Here ∆E is the maximum possible energy of emitted photon for whih the soft-photon
approximation is still valid. Numerial analysis leads to a typial onstraint λ < ∆E ≤
10−3Ecms.
In Eq.(11), I (ki, kj) =
∫
|k5|≤∆E
d3k5
2
√
k25+λ
2
1
(ki·k5)(kj ·k5) is the soft-photon emission integral
evaluated earlier by [14℄, and equal to
I (ki, kj) =
2παij
α2ijm
2
i −m2j

1
2
ln
(
α2
ij
m2
i
m2
j
)
ln
(
4∆E2
λ2
)
+ 1
4
ln2
(
Ei−|k|i
Ei+|k|i
)
− 1
4
ln2
(
Ej−|k|j
Ej+|k|j
)
+
Li2
(
1− αij
vij
(Ei + |k|i)
)
+ Li2
(
1− αij
vij
(Ei − |k|i)
)
−
Li2
(
1− 1
vij
(
Ej + |k|j
))
− Li2
(
1− 1
vij
(
Ej − |k|j
))

,
(12)
where vij =
α2
ij
m2
i
−m2
j
2αijEi−Ej , and Ei, |k|j are the fermion's energy and spatial momentum in enter
of mass referene frame, orrespondingly. The parameter αij an be extrated from Table
(I).
The dependene on ∆E is aneled as a result of adding soft and hard-photon emission
dierential ross setions. It is worthwhile to mention here that dσsoft is proportional to
dσ2→2LO , whih is either determined by the Re
(
M
γ
LOM
Z
LO
)
or
∣∣∣MZLO∣∣∣2, and hene gives us for
2Re
(
M
γ
BM
Z
B
)
soft
= 2Re
(
M
γ
LOM
Z
LO
)
· δsoft or
∣∣∣MZB ∣∣∣2soft =
∣∣∣MZLO∣∣∣2 · δsoft.
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III. HARD-PHOTON BREMSSTRAHLUNG
This setion gives details on the evaluation of hard-photon bremsstrahlung dierential
ross setion. The results are expressed in a form onvenient for further analysis.
A. Eletron-Nuleon Sattering
In the ase where the energy of the emitted photon (k05 > ∆E) an no longer be negleted
in the numerator algebra, we have to aount for all the dierenes between hard- and soft-
photon emission. Besides the fat that the hard-photon amplitude will have k5 in the
numerator, alulations for dierential ross setion will have to inlude heliity matrix
elements with extended set of Mandelstam variables. These matrix elements ome from the
use of the momentum onservation law for 2→ 3 proess. Thus, the heliity matrix elements
will depend on the extended set of Mandelstam variables:
s = (k1 + k2)
2
, s′ = (k3 + k4)
2
,
t = (k1 − k3)2 , t′ = (k2 − k4)2 , (13)
u = (k1 − k4)2 , u′ = (k2 − k3)2 .
Let us start with the total amplitude for the set of the four graphs in Fig.(1):
M2→3tot,{Z,γ} =

〈ue(k3)|Γν{Z,γ}−e |ue(k1)〉×
〈uN(k4)|Γµ{Z,γ}−N(t) 6k2−6k5+mN(k2−k5)2−m2N Γ
α
γ−N(k5) |uN(k2)〉
 gµνt−m2{Z,γ} ε∗α(k5)
+

〈ue(k3)|Γν{Z,γ}−e |ue(k1)〉×
〈uN(k4)|Γαγ−N (k5) 6k4+ 6k5+mN(k4+k5)2−m2N Γ
µ
{Z,γ}−N(t) |uN(k2)〉
 gµνt−m2{Z,γ} ε∗α(k5)
+
 〈ue(k3)|Γ
α
γ−e
6k3+ 6k5+me
(k3+k5)2−m2eΓ
ν
{Z,γ}−e |ue(k1)〉×
〈uN(k4)|Γµ{Z,γ}−N(t′) |uN(k2)〉
 gµν
t′ −m2{Z,γ}
ε∗α(k5) (14)
+
 〈ue(k3)|Γ
ν
{Z,γ}−e
6k1−6k5+me
(k1−k5)2−m2eΓ
α
γ−e |ue(k1)〉 ·
· 〈uN (k4)|Γµ{Z,γ}−N(t′) |uN(k2)〉
 gµν
t′ −m2{Z,γ}
ε∗α(k5).
The evaluation of the interferene term Re(M2→3tot, γM
2→3
tot, Z) and
∣∣∣M2→3tot, Z∣∣∣2is somewhat um-
bersome beause it inludes alulations of 3136 heliity matrix elements. Here, t′ − m2Z
an be replaed by t −m2Z due to the fat that {t, t′} ≪ m2Z . The evaluation of the HPB
ontribution an be further simplied by spliting the amplitude into two parts:
M2→3tot,{Z,γ} = M
2→3
a,{Z,γ} +M
2→3
b,{Z,γ}. (15)
Here, M2→3a,{Z,γ} is the total amplitude with the momentum of the emitted photon k5 removed
from the numerator of Eq.(14), and M2→3b,{Z,γ} is everything that is left up to order O (k5).
Now, the squared amplitude for the neutral urrent reation has a simple form:∣∣∣M2→3tot,Z ∣∣∣2 = ∣∣∣M2→3a,Z ∣∣∣2 + 2Re(M2→3a,Z M2→3b,Z ) + ∣∣∣M2→3b,Z ∣∣∣2 . (16)
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The interferene term an be alulated as
Re(M2→3tot, γM
2→3
tot, Z) = Re(M
2→3
a,γ M
2→3
a,Z )+Re(M
2→3
a,γ M
2→3
b,Z )+Re(M
2→3
b,γ M
2→3
a,Z )+Re(M
2→3
b,γ M
2→3
b,Z ).
(17)
Applying Dira equation in M2→3a,{Z,γ} amplitude, we an simplify our alulations onsid-
erably. The rst terms of Eq. (16) and (17) an be obtained from
M2→3a,{Z,γ} = M
′
a,{Z,γ}
 GN (t′) (k1 · ε∗(k5))
(k1 · k5)
(
t′ −m2{Z,γ}
) −Q GN (t) (k2 · ε∗(k5))
(k2 · k5)
(
t−m2{Z,γ}
)−
(18)
GN (t
′) (k3 · ε∗(k5))
(k3 · k5)
(
t′ −m2{Z,γ}
) +Q GN (t) (k4 · ε∗(k5))
(k4 · k5)
(
t−m2{Z,γ}
)
 ,
where
M ′a,{Z,γ} = ie 〈u(me, k3)|Γν{Z,γ}−e |u(me, k1)〉 〈u(mN , k4)|
(
Γµ{Z,γ}−N
)′ |u(mN , k2)〉 gµν . (19)
The term
(
Γµ{Z,γ}−N
)′
represents a oupling whih was modied in a way so it would no
longer have dependeny on the hadron formfator GN (t), and no longer ontain momentum
of the photon in its Pauli part of oupling:
(
ΓµZ−N
)′
= ie
[
f1(0)γ
µ +
i
2mN
σµρ (k4 − k2)ρ f2(0) + g1(0)γµγ5
]
, (20)
(
Γµγ−N
)′
= ie
[
F1(0)γ
µ +
i
2mN
σµρ (k4 − k2)ρ F2(0)
]
. (21)
In Eq.(19) and Eq.(18), the oupling Γαγ−{e,N} again was replaed by (ieQ) γ
α
. It is straight-
forward to see what after the integration over the phase spae of the emitted photon only
term
∣∣∣M2→3a,Z ∣∣∣2 and Re(M2→3a,γ M2→3a,Z ) will have a logarithmi dependene on the photon de-
tetor aeptane parameter ∆E. Therefore
∣∣∣M2→3a,Z ∣∣∣2and Re(M2→3a,γ M2→3a,Z ), when ombined
with the soft-photon bremsstrahlung dierential ross setion, will be responsible for the
anellation of Log(4∆E2) term in Eqs.(11) and (12).
Further numerial analysis shows that, when integrated, the seond and third terms of
Eq.(16) and Eq.(17) have no logarithmi dependene on ∆E. They both are small ompared
to the rst term when energy of inident eletrons is in the domain of the urrent or proposed
PV experiments. This simplies alulations of PV HPB ontribution onsiderably, sine
the only rst term of the Eq.(16) and Eq.(18) has to be onsidered in the alulations. Here
we provide details on how to alulate rst terms of Eq.(16) and (17) expliitly. Although
details of alulations for the rest of the terms are not shown in this artile we have them
inluded in our numerial analysis.
We an write the term
∣∣∣M2→3a,Z ∣∣∣2L,R of Eq.(16) in the following form:
∣∣∣M2→3a,Z ∣∣∣2L,R = −
∣∣∣M ′a,Z ∣∣∣2L,R · δZHPB′ ,
8
δZHPB′ =
1
(t−m2Z)2
(
GN (t
′)2
(
m2e
(
1
(k1 · k5)2
+
1
(k3 · k5)2
)
− 2m
2
e − t
(k1 · k5) (k3 · k5)
)
+
(22)
Q2GN (t)
2
(
m2N
(
1
(k2 · k5)2
+
1
(k4 · k5)2
)
− 2m
2
N − t′
(k2 · k5) (k4 · k5)
)
+
QGN (t)GN (t
′)
(
m2e +m
2
N − u
(k1 · k5) (k4 · k5) −
s−m2e −m2N
(k1 · k5) (k2 · k5)−
s′ −m2e −m2N
(k3 · k5) (k4 · k5) +
m2e +m
2
N − u′
(k2 · k5) (k3 · k5)
))
.
As for the interferene term Re(M2→3a,γ M
2→3
a,Z )L,R, we have:
Re(M2→3a,γ M
2→3
a,Z )L,R = −Re(M ′a,γM ′a,Z)L,R · δZ−γHPB′ ,
δ
Z−γ
HPB′ =
1
t−m2Z
(
GN (t
′)2
t′
(
m2e
(
1
(k1 · k5)2
+
1
(k3 · k5)2
)
− 2m
2
e − t
(k1 · k5) (k3 · k5)
)
+
Q2GN (t)
2
t
(
m2N
(
1
(k2 · k5)2
+
1
(k4 · k5)2
)
− 2m
2
N − t′
(k2 · k5) (k4 · k5)
)
+ (23)
QGN (t)GN (t
′) (t + t′)
t t′
(
m2e +m
2
N − u
(k1 · k5) (k4 · k5) −
s−m2e −m2N
(k1 · k5) (k2 · k5)−
s′ −m2e −m2N
(k3 · k5) (k4 · k5) +
m2e +m
2
N − u′
(k2 · k5) (k3 · k5)
))
.
The salar produts (ki · k5) are Lorentz invariants, and an be replaed with the Mandelstam
variables as
(k1 · k5) = −m2e −m2N +
s+ t+ u
2
,
(k2 · k5) = −m2e −m2N +
s+ t′ + u′
2
,
(24)
(k3 · k5) = m2e +m2N −
s′ + t + u′
2
,
(k4 · k5) = m2e +m2N −
s′ + t′ + u
2
.
As for
∣∣∣M ′a,Z ∣∣∣2L,R and Re(M ′a,γM ′a,Z)L,R, we have detailed expressions given in the appendix
of this artile. The heliity matrix elements were omputed with the help of FormCalc [15℄.
Now we are ready to proeed to the next setions, where we shall give the details on
the parametrization of the emitted photon's phase spae, and numerial details on the
alulations of the PV HPB ontribution.
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IV. HPB DIFFERENTIAL CROSS SECTION
Parametrization of the phase spae for (2→ 3) proess has been hosen aording to Fig.
(2).
q
Figure 2: Phase spae for the emitted hard photon.
Here, the angle θ is a sattering angle and ξ orresponds to the angle between emitted
photon and sattered eletron. The momenta are represented as
k1 = {E1, 0, 0, pin} ,
k2 = {E2, 0, 0,−pin} ,
k3 =
{
k03,
∣∣∣−→k3 ∣∣∣−→e3} , (25)
k4 =
{
k04,
−→
k4
}
,
k5 =
{
k05,
∣∣∣−→k5 ∣∣∣−→e5} ,
where unit vetors are
−→e3 =
 sin(θ)0
os(θ)
 ,
(26)
10
−→e5 =
 os(θ) cos (η) sin(ξ)+ sin(θ) cos (ξ)sin(η) sin (ξ)
cos (θ) cos (ξ) − sin(θ) cos (η) sin (ξ)
 .
For on-shell partiles, the inident momentum pin an be found as
pin =
√
E1 −m2e, (27)
with
E1 =
Ecms +m
2
e −m2N
2Ecms
. (28)
The enter-of-mass energy Ecms an be determined as follows:
Ecms =
√
m2e +m
2
N + 2ElabmN . (29)
Momentum k4 is determined by the four-momentum onservation law in the ms frame:
√
s = k01 + k
0
2 = k
0
3 + k
0
4 + k
0
5, (30)
and −→
k3 +
−→
k4 +
−→
k5 = 0. (31)
The HPB dierential ross setion reads as follows
dσ =
|M2→3tot |2
Φ
dΓ3, (32)
where Φ is a ux fator and given by
Φ = 4pin
√
s.
The (2→ 3) proess phase-spae element dΓ3 is
dΓ3 =
d3k3
(2π)3 2k03
d3k4
(2π)3 2k04
d3k5
(2π)3 2k05
(2π)4 δ(4) (k1 + k2 − k3 − k4 − k5) . (33)
Using
d3ki
2k0i
= d4kiδ
(
k2i −m2i
)
=
∣∣∣−→ki ∣∣∣
2
dk0i dΩi,
and the fat that the photon is a massless boson, i.e
∣∣∣−→k5 ∣∣∣ = k05, we an write
dΓ3 =
∣∣∣−→k3 ∣∣∣ k05
4 (2π)5
dk03dΩ3dk
0
5dΩ5δ
(
k24 −m2N
)
d4k4δ
(4) (k1 + k2 − k3 − k4 − k5) . (34)
Using the delta funtion δ(4) (k1 + k2 − k3 − k4 − k5) to eliminate the integration over mo-
mentum k4, we arrive at
dΓ3 =
∣∣∣−→k3 ∣∣∣ ∣∣∣−→k5 ∣∣∣
4 (2π)5
dk03dΩ3dk
0
5dΩ5δ
(
k24 −m2N
)
, (35)
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with dΩ3 = d cos θ dφ and dΩ5 = d cos ξ dη. The remaining delta funtion δ (k
2
4 −m2N ) will
be used to eliminate integration over the sattered eletron energy k03.
We need to do some modiations rst:
k24 −m2N =
(
k04
)2 − ∣∣∣−→k4 ∣∣∣2 −m2N
=
(√
s− k03 − k05
)2 − ∣∣∣−→k3 ∣∣∣2 − ∣∣∣−→k5∣∣∣2 − 2 ∣∣∣−→k3 ∣∣∣ ∣∣∣−→k5 ∣∣∣ cos (ξ)−m2N . (36)
Now, using (
k0i
)2
=
∣∣∣−→ki ∣∣∣2 +m2i , (37)
we arrive at
k24 −m2N = s− 2
√
sk05 +m
2
e −m2N − 2k03
(√
s− k05
)
− 2
∣∣∣−→k3 ∣∣∣ k05 cos (ξ) . (38)
The eletron mass an be onsidered as a small parameter with respet to k03. In this ase,
we replae
∣∣∣−→k3 ∣∣∣ by k03, so that ∣∣∣−→k3 ∣∣∣ ≃ k03 − m2e2k03 . (39)
Substitution of Eq.(39) into Eq.(38) leads to the following:
k24 −m2N =
(
s− 2√sk05 +m2e −m2N
)
− 2k03
(√
s− k05 + k05 cos (ξ)
)
+
m2ek
0
5 cos (ξ)
k03
. (40)
The property of the delta funtion δ [g (k03)] =
∑
i
δ(k03−ri)
|g′(ri)| (ri is i-th root of the equation
k24 −m2N = 0, solved with respet to k03) makes it possible to replae δ (k24 −m2N) by
δ
(
k24 −m2N
)
=
1
2 (
√
s+ k05 (cos (ξ)− 1)) + m
2
ek
0
5 cos(ξ)
r2
δ
(
k03 − r
)
, (41)
where
r =
(s− 2√sk05 +m2e −m2N)
2 (
√
s+ k05 (cos (ξ)− 1))
+
m2ek
0
5 cos (ξ)
(s− 2√sk05 +m2e −m2N)
.
The delta funtion δ (k03 − r) will eliminate integration over k03 leaving k03 = r. Integration
over the emitted photon's phase spae dk05dΩ5 an be performed numerially using the uts
on the photon's energy k05 : (
k05
)
min
= ∆E,
(42)(
k05
)
max
=
√
s
2
− (me +mN )
2
2
√
s
.
Finally, Eq. (32) beomes
dσHPBR,L =
1
4 (2π)5
1
Φ
∫ ∫ ∫
∣∣∣−→k3 ∣∣∣ k05 |M2→3tot |2R,L dk05dΩ5
2 (
√
s+ k05 (cos (ξ)− 1)) + m
2
ek
0
5 cos(ξ)
(k03)
2
 dΩ3, (43)
leaving the nal dierential ross setion dierential with respet to the sattered eletron
solid angle dΩ3.
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A. Numerial Test
Now we an introdue details of the treatment of infrared divergenes in the parity-
violating formfators CLO+NLO1,2 . Sine the PV amplitude derived from the Hamiltonian
Eq.(2) an be used in the alulations of the asymmetry Eq.(1), the dierential ross setion
for the neutral urrent reation an be omputed as:
dσZR,L =
1
4 (2π)2
1
Φ
∣∣∣−→k3 ∣∣∣√
s
∣∣∣MZ,2→2LO +MZ,2→2NLO ∣∣∣2R,L dΩ3. (44)
The ontribution of the soft- and hard-photon bremsstrahlung modies dierential ross
setions in the Eq.(1) aording to the following:
dσ˜ZR,L = dσ
Z
R,L +
(
dσ
Z,2→2
LO
)
R,L
· δsoft + dσZ,HPBR,L . (45)
In order to ombine HPB dierential ross setion with the soft-photon emission ontribution
fator δsoft, and all this with parity-violating formfators C
LO+NLO
1,2 , we propose the following
parametrization for the HPB dierential ross setion:
dσ˜
Z,HPB
R,L =
(
dσ
Z,2→2
LO
)
R,L
· dσ
Z,HPB
R − dσZ,HPBL(
dσ
Z,2→2
LO
)
R
−
(
dσ
Z,2→2
LO
)
L
=
(
dσ
Z,2→2
LO
)
R,L
· δ˜HPB. (46)
As an be easily seen, the substitution of Eq.(46) into the expression for asymmetry
Eq.(1) will leave terms related to the neutral urrent reation HPB in the usual form(
dσ
Z,HPB
R − dσZ,HPBL
)
. It is worth noting that the term (dσtotR + dσ
tot
L ) has a dominant on-
tribution from the parity-onserving part of the dierential ross setion. Beause of that,
denominator of Eq.(1) is left without parity-violating soft- and hard-photon bremsstrahlung
terms. Combining the soft term of Eq.(11) and the HPB term of Eq.(46) with PV formfa-
tors, we an write
C˜NLO1,2 = C
NLO
1,2 +
CLO1,2
2
(
δsoft + δ˜HPB
)
. (47)
For the ase of {e−N} sattering, we will show numerial ontribution from the SPB and
HPB terms, taking into aount only the IR nite part of the soft-photon bremsstrahlung
only. We an do so beause IR divergenes are aneled when {e−N} PV formfators
CNLO1,2 are ombined with the seond part of the Eq.(47). Moreover we will treat formfator
GN (q) using monopole approximation (n = 1) in our numerial tests.
Let us start with demonstration that, indeed, we do not have a ∆E dependene in the
term
1
2
(
δsoft + δ˜HPB
)
for a kinemati point relevant to the Qweak experiment. We take
Elab = 1.165 GeV and Q
2 = 0.03 GeV2. During the numerial integration, we have used the
adaptive Genz-Malik algorithm whih is implemented in the Mathematia program [16℄. For
eletron-proton sattering, the term
1
2
(
δsoft + δ˜HPB
)
for dierent values of ∆E is shown in
the Table (II). We see that the variation of
1
2
(
δsoft + δ˜HPB
)
is of order of ∼ 0.1% whih
is oming from the statistial error of integration. The same an be done in the analysis
of the ∆E dependene for the PV asymmetry due to soft and hard photon bremsstrahlung
(see Eqs.(5), (11) and (43)). Data for table (III) have been omputed using the same
integration tehnique, and it is lear that variations of the asymmetry are < 0.05%. In the
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∆E (
√
s) 12
(
δsoft + δ˜HPB
)
10−3 −0.16966
10−4 −0.16980
10−5 −0.16982
10−6 −0.16984
10−7 −0.16982
Table II: Dependene on the photon detetor aeptane (eletron-nuleon sattering ase Elab =
1.165 GeV, Q2 = 0.03 GeV2)
∆E (
√
s) AB(10
−8/dΓ2)
10−3 1.00019
10−4 1.00061
10−5 1.00068
10−6 1.00068
10−7 1.00067
Table III: Dependene of the bremsstrahlung asymmetry given in the units of 1/dΓ2 = 4(2pi)
2√s∣∣∣−→k3∣∣∣ on
the photon detetor aeptane ∆E (eletron-nuleon sattering ase Elab = 3.0 GeV, Q
2 = 0.3
GeV
2
)
test of independene from the ∆E parameter we took one of the kinemati points of the
G0 experiment, with Q2 = 0.3 GeV2. For the omplete analysis of e − p PV sattering
asymmetries it is required to inlude all the LO and NLO ontributions, whih will be left
to a future publiation using the treatment of IR divergenes desribed in this artile.
V. CONCLUSION
The alulation routines, tested for eletron-proton sattering and presented in our pre-
vious work [7℄, are valid for any eletroweak proesses involving partiles of the Standard
Model. The HPB ontribution omputed in the urrent work an be applied for virtually any
sattering proess. Again, when omputing hard-photon bremsstrahlung terms for eletron-
proton sattering, we use eetive Z − p and γ − p ouplings with monopole type form
fators.
The enormous size of the omplete analytial expressions involved makes it impossible to
present them in this paper. The omplete analytial expression in the Mathematica le is
available from authors upon request.
We observed that for the energy range employed by the PV experiments the HPB dier-
ential ross setion is dominated by part of HPB amplitude without the photon momentum
in the numerator. It is still neessary to keep in mind that the proess is (2→ 3) when the
ross setion is alulated. Terms proportional to O (k5) tend to be important for higher en-
ergies. This simplies alulations of the HPB ross setion for the onsidered experiments
signiantly, as it simplies the numerator algebra.
We split the amplitude in two parts, with one part being the amplitude without the mo-
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mentum of the emitted photon in the numerator. This step is important, beause, aording
to the numerial analysis performed, this term has a strong dominant struture similar to
the soft-photon emission fator. Another interesting result of this work is that all of the
eets, inluding soft- and hard-photon bremsstrahlung terms, an be now aounted for on
the level of PV formfators.
The proper aount of the soft- and hard-photon bremsstrahlung eets has allowed us
to ahieve nal results that are free from a logarithmi dependene on the detetor photon
aeptane parameter.
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VI. APPENDIX
Here we give the detailed
∣∣∣M ′a,Z ∣∣∣2L,R expressions used for the alulations of
∣∣∣M2→3a,Z ∣∣∣2L,R in
Eq.(22) for left-handed inident eletrons:
∣∣∣M ′a,Z ∣∣∣2L = 4α
3π3 (1− 2s2W )2
c2W s
2
W
[
(f2(0))
2
4m2N
(16m6N − 8m4N(s+ s′ + u+ u′) + 4m2N(s+ u)(s′ + u′)+
t′(us′ − ss′ + tt′ + su′ − uu′)) + gZ−NR f2(0)(4m4N − 4m2N(u+ u′)− ss′ + tt′ + s′u+ su′ +
(48)
3uu′) + 2
(
gZ−NL
)2
(m2N − s)(m2N − s′) + 2
(
gZ−NR
)2
(m2N − u)(m2N − u′) +
gZ−NL (4g
Z−N
R m
2
N t+ f2(0)(4m
4
N − 4m2N (s+ s′) + 3ss′ + tt′ + s′u+ su′ − uu′))
]
,
and for the right-handed inident eletrons:
∣∣∣M ′a,Z ∣∣∣2R = 16α
3π3s2W
c2W
[
(f2(0))
2
4m2N
(16m6N − 8m4N(s+ s′ + u+ u′) + 4m2N(s+ u)(s′ + u′)+
t′(us′ − ss′ + tt′ + su′ − uu′)) + gZ−NR f2(0)(4m4N − 4m2N(s+ s′)− uu′ + tt′ + s′u+ su′ +
(49)
3ss′) + 2
(
gZ−NR
)2
(m2N − s)(m2N − s′) + 2
(
gZ−NL
)2
(m2N − u)(m2N − u′) +
gZ−NL (4g
Z−N
R m
2
N t+ f2(0)(4m
4
N − 4m2N(u+ u′) + 3uu′ + tt′ + s′u+ su′ − ss′))
]
.
First part Re(M ′a,γM
′
a,Z)L,R of the interferene term Eq.(23) has the following struture for
the left-handed inident eletrons
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Re(M ′a,γM
′
a,Z)L =
8α3π3(1− 2s2W )
cW sW
[
gZ−NL (2(1 + F2(0))m
4
N+
2(t− (1 + F2(0))(s+ s′))m2N + s(
3
2
s′ + 2s′ +
1
2
u′) +
1
2
F2(0)(tt
′ + s′u− uu′)) +
(50)
gZ−NR (2(1 + F2(0))m
4
N + 2(t− (1 + F2(0))(u+ u′))m2N + 2uu′ +
1
2
F2(0)(us
′ − ss′ +
tt′ + su′ + 3uu′)) + f2(0)(4m4N − 2(s+ s′ + u+ u′)m2N + tt′ + (s+ u)(s′ + u′)) +
f2(0)F2(0)
4m2N
(16m6N − 8(s+ s′ + u+ u′)m4N + 4(s+ u)(s′ + u′)m2N + t′(tt′ − (s− u)(s′ − u′)))
]
and for right-handed eletrons we have
Re(M ′a,γM
′
a,Z)R = −
16α3π3sW
cW
[
gZ−NR (2(1 + F2(0))m
4
N+
2(t− (1 + F2(0))(s+ s′))m2N + s(
3
2
s′ + 2s′ +
1
2
u′) +
1
2
F2(0)(tt
′ + s′u− uu′)) +
(51)
gZ−NL (2(1 + F2(0))m
4
N + 2(t− (1 + F2(0))(u+ u′))m2N + 2uu′ +
1
2
F2(0)(us
′ − ss′ +
tt′ + su′ + 3uu′)) + f2(0)(4m4N − 2(s+ s′ + u+ u′)m2N + tt′ + (s+ u)(s′ + u′)) +
f2(0)F2(0)
4m2N
(16m6N − 8(s+ s′ + u+ u′)m4N + 4(s+ u)(s′ + u′)m2N + t′(tt′ − (s− u)(s′ − u′)))
]
For simpliity, we have introdued a set of oupling onstants gZ−NL,R dened as
gZ−NR,L = f1(0)± g1(0),
(52)(
ΓµZ−N
)′
= ie
[
gZ−NR γ
µ̟+ + g
Z−N
L γ
µ̟− +
i
2mN
σµρ (k4 − k2)ρ f2(0)
]
,
where ̟± =
1±γ5
2
are the hirality projetor operators.
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